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THE QUANTUM DISK IS NOT A QUANTUM GROUP
JACEK KRAJCZOK AND PIOTR M. SOŁTAN
Abstract. We show that the quantum disk, i.e. the quantum space corresponding to the
Toeplitz C∗-algebra does not admit any compact quantum group structure. We prove that if
such a structure existed the resulting compact quantum group would simultaneously be of Kac
type and not of Kac type. The main tools used in the solution come from the theory of type I
locally compact quantum groups, but also from the theory of operators on Hilbert spaces.
1. Introduction
It is well known that some important topological spaces do not admit a structure of a topological
group. This is the case, for example, for all spheres of dimension different from 0, 1 and 3. The
proof of this result is surprisingly non-trivial as it involves various techniques of algebraic topology
(cf. [13, Section B.4], see also [25] for a concise account of this result and a short proof that even-
dimensional spheres are not topological groups).
An analogous question can be asked about quantum spaces, which are “virtual” objects corre-
sponding to non-commutative C∗-algebras under an extension of Gelfand’s duality. This question
has been addressed in [28, 29] for some well known quantum spaces. In particular it turns out
that the quantum torus ([6, 24]) does not admit a structure of a compact quantum group, while
its “two fold covering” does ([11]). Also a number of well known quantum spheres are not compact
quantum groups. Moreover the quantum space of all continuous maps from the quantum space
underlying the C∗-algebra M2(C) into the classical two-point space does not admit a compact
quantum group structure – like the case of quantum tori, this too is in stark contrast to the
classical situation ([30, Section 5]).
In this paper we show that the quantum disk U introduced in [16] (and denoted there by Uµ)
does not admit a structure of a compact quantum group. The quantum disk is a very well studied
quantum space (see e.g. [12, 26, 3, 23]). The C∗-algebra C(U) playing the role of the algebra
of continuous functions on the quantum disk was shown in [16, Theorem III.5] to be isomorphic
to the Toeplitz algebra T , i.e. the C∗-algebra of operators on ℓ2(Z+) generated by the operator
s ∈ B(ℓ2(Z+)) which shifts the standard basis (en)n∈Z+ : sen = en+1.
It is impossible to overestimate the importance of the Toeplitz algebra for non-commutative
geometry (particularly K-theory, cf. e.g. [7, Chapter 4]). The features of T important for our
purposes are that T contains the ideal K of compact operators on ℓ2(Z+) and we have the short
exact sequence
0 // K // T
s
// C(T) // 0 ,
where C(T) is the algebra of all continuous function on the circle ([8, Chapter V]). Moreover K is
an essential ideal in T (cf. [5, Theorem 1] or [34, Exercise 3.H]) and since K is a simple C∗-algebra,
this means that K is contained in any non-trivial ideal of T . We will also be using the fact that T
is a type I C∗-algebra (see e.g. [2, Section IV.1]) and its irreducible representations are indexed by
{•} ∪ T, where the distinguished point corresponds to the identity representation on ℓ2(Z+) and
the remaining representations are one-dimensional – given by compositions of the “symbol map”
s : T → C(T) and evaluations in the points of T. For λ ∈ T we will denote the corresponding
one-dimensional representation (character) of T by sλ.
We will be using the theory of compact and locally compact quantum groups. We refer the
reader to the excellent book [21] and the original expositions in [35, 36] for the details of the theory
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of compact quantum groups and to [20, 33] for the theory of locally compact quantum groups. Our
strategy is to assume that there exists a compact quantum group G such that C(G) is isomorphic
to T and arrive at a contradiction. More precisely, the contradiction will come from the simple
observation that G cannot be of Kac type (Subsection 2.3) and the fact that it also is of Kac type
(Section 6).
Our main technical tools will come from the theory of so called type I locally compact quantum
groups. We will recall the necessary and most important results of this theory in Section 3, but
refer the reader to more detailed expositions [9, 18, 17].
For a possibly unbounded closed densely defined operator T on a Hilbert space H we will use
the symbol Sp(T ) to denote the spectrum of T . Moreover we will use the notation from e.g. [27,
Page 10] according to which H(T = q) will denote the eigenspace of T for the eigenvalue q (or
{0} if q is not an eigenvalue of T ) and χ(T = q) will stand for the orthogonal projection onto
H(T = q).
As we already explained we will work under the assumption that G is a compact quantum
group with C(G) isomorphic to T . The isomorphism C(G)→ T will be denoted by π• while the
remaining irreducible representations are {sλ ◦ π•}λ∈T. We also let h denote the Haar measure of
G.
2. First observations
In this section we discuss the properties of the compact quantum group G which are easily
obtainable from the basic knowledge about the structure of C(G). Some of these considerations
have already appeared in [29, Section 6]. For this we let K = π−1• (K). Then K is an ideal in C(G)
which is contained in any non-trivial ideal and clearly K is isomorphic to the algebra of compact
operators on a separable Hilbert space.
2.1. The Haar measure is faithful. The left kernel
N =
{
a ∈ C(G)
∣∣h(a∗a) = 0}
of the Haar measure of G is a closed two-sided ideal ([35, Page 656]), so if it were not trivial, it
would contain the ideal K. But then C(G)/N would be commutative which is impossible because
both C(G) and C(G)/N are completions of the same ∗-algebra Pol(G) ([1]), so one is commutative
if and only if so is the other. It follows that N = {0}, i.e. the Haar measure of G is faithful.
2.2. G is co-amenable. Co-amenability is a property of compact quantum groups described first
in [1]. One of its possible characterizations is that a compact quantum groupK is co-amenable if its
Haar measure is faithful and C(K) admits a character. Since C(G) clearly admits many characters
and we just showed above that h is faithful, we see that G is co-amenable. As a consequence
(cf. [1]) C(G) is the universal enveloping C∗-algebra of Pol(G).
2.3. G is not of Kac type. A compact quantum group is of Kac type if its Haar measure is a
trace. This is clearly not the case with G because the Haar measure h is faithful, but since the
ideal K is spanned by commutators ([22, Theorem 1]) any trace on C(G) must vanish on K which
would make it non-faithful.
One of the characterizations of compact quantum groups which are not of Kac type is that the
family {fz}z∈C of Woronowicz characters of Pol(G) (see [21, Definition 1.7.1], cf. [35, Theorem
5.6]) is non-trivial. Moreover, since z 7→ fz is holomorphic in an appropriate sense ([35, Theorem
5.6]), the subfamily {fit}t∈R is also non-trivial.
It is known, that {fit}t∈R are ∗-characters of Pol(G), so since C(G) is the universal enveloping
C∗-algebra, these functionals extend to a non-trivial continuous family of characters of C(G).
Moreover this family of functionals forms a non-trivial compact group FW in the weak
∗-topology
of C(G)∗ which is a continuous image of R under the map t 7→ fit. Furthermore FW is a subgroup
of the group G˜ of all characters of C(G) (cf. [15, Theorem 3.12]). But as a topological space the
latter is simply T. So the group FW is a non-trivial connected compact subgroup of the group
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G˜ which is topologically a circle. It follows that FW must be equal to all of G˜. Since π• is an
isomorphism we have
G˜ =
{
sλ ◦ π•
∣∣λ ∈ T}
and consequently there is a surjective mapping R ∋ t 7→ λ(t) ∈ T such that fit ◦ π
−1
• = sλ(t).
Proposition 1. An operator A ∈ T is compact if and only if fit(π
−1
• (A)) = 0 for all t ∈ R .
Proof. Clearly A ∈ K if and only if sλ(A) = 0 for all λ, so by the remarks above, A is compact if
and only if A is mapped to zero by fit ◦ π
−1
• for all t ∈ R. 
Following the standard conventions we let Irr(G) denote the set of equivalence classes of irre-
ducible representations of G and for each α ∈ Irr(G) we fix a unitary representation Uα in the
class α acting on a Hilbert space Hα of (finite) dimension nα. Furthermore we let ρα denote the
positive operator on Hα encoding the modular properties of h ([35, Theorem 5.4], [21, Theorem
1.4.4]). Furthermore for each α we fix an orthonormal basis of Hα in which the matrix of ρα is
diagonal. Finally we let Uαi,j be the matrix elements of U with respect to this basis.
Proposition 2. For any α ∈ Irr(G) and i, j ∈ {1, . . . , nα} the operator π•(U
α
i,j) is compact if and
only if i 6= j. Moreover π•(U
α
i,i) is a Fredholm operator.
Proof. Let ρα,1, . . . , ρα,nα be the eigenvalues of ρα, so that
ρα = diag(ρα,1, . . . , ρα,nα)
in the fixed basis of Hα. Then by the definition of the Woronowicz characters ([35, Theorem 5.6],
[21, Definition 1.7.1]) we have
fit(U
α
i,j) = δi,j(ρα,i)
it, t ∈ R
and the first part of the proposition follows immediately from Proposition 1. For the second part
note that from the unitarity of Uα:
nα∑
j=1
Uαi,jU
α
i,j
∗ = 1
and from the fact that π•(U
α
i,j) are compact for i 6= j it follows that s
(
π•(U
α
i,i)
)
is unitary, so the
operator π•(U
α
i,i) is Fredholm. 
3. Type I locally compact quantum groups
In this section we recall the most important elements of the theory of locally compact quantum
groups of type I. A locally compact quantum group H is of type I if Cu0(Ĥ) is a type I C
∗-
algebra (cf. [2, Section IV.1]). This C∗-algebra is responsible for the unitary representations of H
(cf. [19, 32]).
The study of type I locally compact quantum group was initiated in the thesis [9] and continued
e.g. in [4, 18]. We will be using the results of [9, 18] as well as some of their extensions from [17].
The most important feature of these quantum groups is the existence of the Plancherel measure,
i.e. a standard measure µ on the spectrum of Cu0(Ĥ), denoted later by Irr(H), a measurable field
{Hx}x∈Irr(H) of Hilbert spaces, a measurable field of representations {πx}x∈Irr(H) of C
u
0(Ĥ), a
measurable field of strictly positive self-adjoint operators {Dx}x∈Irr(H) and a unitary operator
QL : L2(Ĥ) −→
∫ ⊕
Irr(H)
HS(Hx) dµ(x)
such that
QL L∞(Ĥ)Q
∗
L
=
∫ ⊕
Irr(H)
(
B(Hx)⊗ 1Hx
)
dµ(x)
(here for any Hilbert space H we identify HS(H) with H ⊗ H) and for positive a ∈ Cu0(Ĥ) the
value of the left Haar measure ϕ̂ of Ĥ on a is
ϕ̂(a) =
∫
Irr(H)
Tr
(
πx(a) ·D
−2
x
)
dµ(x).
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We refer the reader to [9, Section 3.4] and [18] for details.
The next lemma establishes the form of the image of an element of the universal C∗-algebra
Cu0(Ĥ) under the reducing morphism (cf. [19, Section 2], [32, Definition 35]) which was denoted by
πˆ in [19, Notation 2.15] and by Λ
Ĥ
in [32]. In order to avoid conflict with the notation for GNS
maps we will denote it by Π
Ĥ
.
Lemma 3. Let H be a type I locally compact quantum group such that Cu0(Ĥ) is separable. Let
µ be the Plancherel measure for H an let Π
Ĥ
: Cu0(Ĥ) → C0(Ĥ) be the reducing morphism for Ĥ.
Then for any a ∈ Cu0(Ĥ) we have
QLΠĤ(a)Q
∗
L
=
∫ ⊕
Irr(H)
(
πx(a)⊗ 1Hx
)
dµ(x). (1)
Proof. Given a ∈ Cu0(Ĥ) the element QLΠĤ(a)Q
∗
L
can be written as
QLΠĤ(a)Q
∗
L
=
∫ ⊕
Irr(H)
(
ax ⊗ 1Hx
)
dµ(x).
for some measurable field {api}pi∈Irr(H). By Desmedt’s results ([9]) for any ω ∈ L∞(H)∗ we have
QL
(
(ω ⊗ id)(W)
)
Q∗
L
=
∫ ⊕
Irr(H)
(
(ω ⊗ id)(Upix)⊗ 1
Hx
)
dµ(x),
where W ∈ L∞(H)⊗¯L∞(Ĥ) is the Kac-Takesaki operator ([20, 32, 33]) and U
pix is the unitary
representation of H corresponding to πx. Thus denoting by λ
u the mapping
L∞(H)∗ ∋ ω 7−→ (ω ⊗ id) W∈ C
u
0(Ĥ)
(where Wis the universal representation of H, cf. [32]) we have
QLΠĤ
(
λu(ω)
)
Q∗
L
=
∫ ⊕
Irr(H)
(
πx(λ
u(ω))⊗ 1
Hx
)
dµ(x).
Both sides of the above equation are continuous with respect to λu(ω) (for the right hand side
we can use [10, Section 2.3, Proposition 4] because the range of λu is dense in Cu0(Ĥ)) and (1)
follows. 
In what follows we will use the above results for the discrete quantum group H = Ĝ. Note that
as G is co-amenable, we have Cu(G) = C(G).
4. The Plancherel measure for the dual of G
Let µ be the Plancherel measure for Ĝ. This is a measure on Irr(Ĝ) = {•} ∪ T such that there
is a unitary operator QL : L2(G)→
∫ ⊕
Irr(Ĝ)
HS(Hpi) dµ(π) and
QL L∞(G)Q
∗
L
=
∫ ⊕
Irr(Ĝ)
(
B(Hx)⊗ 1Hx
)
dµ(x).
The subset T of Irr(Ĝ) is measurable (because all representations belonging to T are of the same
dimension) and thus {•} is measurable. Moreover, since L∞(G) is non-commutative, we must
have µ({•}) > 0 and we can re-scale it, so that µ({•}) = 1. It follows that
QL
(
L2(G)
)
= HS(H•)⊕
∫ ⊕
T
HS(Hλ) dµ(λ) (2)
and
QL L∞(G)Q
∗
L
=
(
B(H•)⊗ 1H•
)
⊕
∫ ⊕
T
(
B(Hλ)⊗ 1Hλ
)
dµ(λ). (3)
We will denote QL L∞(G)Q
∗
L
by M and the two the two summands in the decomposition (3) by
M1 and M2 respectively, so that M = M1 ⊕M2. We also let 11 and 12 be the units of M1 and
M2. Note that M1 is isomorphic to B(H•) and M2 is commutative and in fact isomorphic to
L∞(T, µ|T).
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Lemma 4. Let β be an automorphism of M . Then β preserves the decomposition M = M1⊕M2.
In particular β(11) = 11 and β(12) = 12.
Proof. Let E1 and E2 be the projections of M onto the two summands M1 and M2 (so that
Ei(x) = 1ix for any x ∈ M). The map M1 ∋ y 7→ E2
(
β(y)
)
∈ M2 is a normal ∗-homomorphism
M1 → M2 which must be zero because M1 is a factor and M2 is commutative. It follows that
β(M1) ⊂ M1 and since this is also true for the automorphism β
−1, we have β−1(M1) ⊂ M1 and
acting with β on both sides gives M1 ⊂ β(M1). It follows that β restricts to an automorphisms
of M1, so it must preserve 11. Clearly if there were z ∈ M2 such that E1
(
β(z)
)
6= 0 then z =
β−1(β(z)) = β−1
(
E1(β(z))+E2(β(z))
)
= β−1
(
E1(β(z))
)
+β−1
(
E2(β(z))
)
which is a contradiction
because β−1 is injective and preserves M1, so β
−1
(
E1(β(z))
)
6= 0 and hence E1(z) 6= 0. It follows
that β preserves M2 and consequently β(12) = 12. 
One way to use Lemma 4 is to apply it to the scaling automorphisms ([21, Page 32]) of L∞(G)
transferred to M via the unitary QL:
βt(a) = QLτt
(
Q∗
L
aQL
)
Q∗
L
, a ∈M, t ∈ R.
It follows that the one-parameter group (βt)t∈R restricts to a one-parameter group of automor-
phisms of M1. Now the scaling group (τt)t∈R is implemented on L2(G) by a one-parameter group
(P it)t∈R of unitary operators ([20, Definition 6.9], cf. also [33, Remarks after Proposition 5.13]).
Thus we obtain a one-parameter group of automorphisms (αt)t∈R of B(H•) defined by
αt(x)⊗ 1H• = QLτt(Q
∗
L
(x⊗ 1
H•
)QL)Q
∗
L
, x ∈ B(H•), t ∈ R
and thus by [14, Theorem 4.13] there exists a strongly continuous one-parameter group of unitary
operators (At)t∈R on H• such that
αt(x) ⊗ 1H• = AtxA−t ⊗ 1H• , x ∈ B(H•), t ∈ R.
Moreover the one-parameter group (P it)t∈R also induces automorphisms of L∞(G)
′ ⊂ B(L2(G))
which can be transferred to automorphisms ofM ′ by the unitary QL. ClearlyM
′ = M1
′⊕M2
′ and
by a process analogous to the one presented forM we obtain a σ-weakly continuous one-parameter
group of automorphisms of M1
′ = 1H• ⊗B(H•) which yields a group (α
′
t)t∈R of automorphisms of
B(H•):
1H• ⊗ α
′
t(y) = QLP
it
(
Q∗
L
(1H• ⊗ y)QL
)
P−itQ∗
L
, y ∈ B(H•), t ∈ R.
It follows that there is a strongly continuous one-parameter group of unitary operators (Bt)t∈R on
H• such that
1H• ⊗ α
′
t(y) = 1H• ⊗B
T
t yB
T
−t, y ∈ B(H•), t ∈ R
(for future notational convenience we choose to consider the group (Bt)t∈R on H• and work with
the transposed operators on H•).
Clearly the group (βt)t∈R is implemented by the unitary operators (QLP
itQ∗
L
)t∈R and since the
group preserves the projections 11 and 12, these operators are block-diagonal in the decomposition
(2). It follows that for any x ∈ B(H•) and y ∈ B(H•) we have
(11QLP
itQ∗
L
)(x⊗ y)(11QLP
−itQ∗
L
) = αt(x)⊗ α
′
t(y) = (At ⊗B
T
t )(x ⊗ y)(A−t ⊗B
T
−t)
for all t ∈ R. This means that
11QLP
itQ∗
L
= λt(At ⊗B
T
t ), t ∈ R
for some complex numbers (λt)t∈R of absolute value 1 depending continuously on t. Moreover,
since the two one-parameter groups (QLP
itQ∗
L
)t∈R and (At ⊗ B
T
t )t∈R obviously commute, t 7→ λt
is also a homomorphism, so defining A˜t = λtAt we obtain a strongly continuous one-parameter
group of unitaries such that
11QLP
itQ∗
L
= A˜t ⊗B
T
t , t ∈ R.
In the proof of the next proposition we will use a technical lemma.
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Lemma 5. Let H be a Hilbert space and let
J : H⊗ H ∋ ξ ⊗ η 7−→ η ⊗ ξ ∈ H⊗ H.
Let (at)t∈R and (bt)t∈R be strongly continuous one-parameter groups of unitary operators on H and
assume that J(at ⊗ b
T
t) = (at ⊗ b
T
t)J for all t ∈ R. Then for all t we have at = b−t.
Proof. On one hand we have
J(at ⊗ b
T
t)J = at ⊗ b
T
t , (4)
so for any r, s ∈ R and any x ∈ B(H)
(as ⊗ b
T
s)J(at ⊗ b
T
t)J(x⊗ 1H)J(a−t ⊗ b
T
−t)J(a−s ⊗ b
T
−s)
= (as ⊗ b
T
s)(at ⊗ b
T
t)(x ⊗ 1H)(a−t ⊗ b
T
−t)(a−s ⊗ b
T
−s)
= (at ⊗ b
T
t)(as ⊗ b
T
s)(x ⊗ 1H)(a−s ⊗ b
T
−s)(a−t ⊗ b
T
−t)
= J(at ⊗ b
T
t)J(as ⊗ b
T
s)(x ⊗ 1H)(a−s ⊗ b
T
−s)J(a−t ⊗ b
T
−t)J.
(5)
On the other hand
J(at ⊗ b
T
t)J = b−t ⊗ a
T
−t, t ∈ R, (6)
so (5) reads
(as⊗ b
T
s)(b−t⊗a
T
−t)(x⊗1H)(bt⊗a
T
t)(a−s⊗ b
T
−s) = (b−t⊗a
T
−t)(as⊗ b
T
s)(x⊗1H)(a−s⊗ b
T
−s)(bt⊗a
T
t ).
Thus for any x and all s, t we have asb−txbta−s = b−tasxa−sbt, i.e. a−sbtasb−t commutes with all
x ∈ B(H).
Therefore there exists a continuous family {λt,s}t,s∈R of complex numbers of absolute value 1
such that
a−sbtasb−t = λt,s1H, t, s ∈ R. (7)
Note now that in view of the canonical isomorphism B(H⊗ H) ∼= B(HS(H)) given by
B(H⊗ H) ∋ x⊗ yT 7−→
(
S 7→ xSy
)
∈ B
(
HS(H)
)
equations (4) and (6) mean that
atSbt = b−tSa−t, t ∈ R, S ∈ HS(H)
which by strong density of HS(H) in B(H) gives
atbt = b−ta−t, t ∈ R
In particular for each t the operator atbt is self-adjoint, and taking adjoints of this for −t instead
of t we see that also btat is self-adjoint for all t.
Therefore inserting s = −t in (7) gives atbt = λt,−tbtat and since atbt and btat are self-adjoint,
t 7→ λt,−t is continuous and λ0,0 = 1, we obtain λt,−t = 1 for all t.
Consequently atbt = btat = (btat)
∗ = a−tb−t, so that b2t = a−2t for all t. 
Proposition 6. With the notation introduced above we have A˜t = B−t for all t ∈ R .
Proof. We will use the fact that for all t we have P itJG = JGP
it, where JG is the modular
conjugation of the Haar measure of G ([33, Remarks after Theorem 5.17]). Moreover, by [9,
Theorem 3.4.5 (3)], the operator
QLJGQ
∗
L
: HS(H•)⊕
∫ ⊕
T
HS(Hλ) dµ(λ) −→ HS(H•)⊕
∫ ⊕
T
HS(Hλ) dµ(λ)
acts as
(ξ ⊗ η)⊕
∫ ⊕
T
(ξλ ⊗ ηλ) dµ(λ) 7−→ (η ⊗ ξ)⊕
∫ ⊕
T
(ηλ ⊗ ξλ) dµ(λ).
In particular QLJGQ
∗
L
is block-diagonal and
11QLJGQ
∗
L
: HS(H•) ∋ (ξ ⊗ η) 7−→ (η ⊗ ξ) ∈ HS(H•).
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Therefore
11QLJGQ
∗
L
11(A˜t ⊗B
T
t ) = 11QLJGP
itQ∗
L
11
= 11QLP
itJGQ
∗
L
11
= (A˜t ⊗B
T
t )11QLJGQ
∗
L
11
for all t ∈ R. 
Corollary 7. For each t ∈ R the restriction of QLP
itQ∗
L
to HS(H•) is equal to B−t ⊗B
T
t .
In what follows we let B be the exponential of the infinitesimal generator of the one-parameter
group (Bt)t∈R, so that Bt = B
it for all t.
5. Operators D• and B
Since {•} is a subset of Irr(Ĝ) of positive measure, the operator D• is well defined (see Section
3). By the properties of Plancherel measure (Section 3) we have
1 = h(1) = Tr(D−2• ) +
∫
T
Tr(D−2λ ) dµ(λ),
so D−1• is a Hilbert-Schmidt operator, so in particular it is compact. It follows that D
−1
• ∈ T .
The eigenvalues of D−1• are of finite multiplicity, they form a countable subset of ]0,+∞[ and we
have the norm convergent series
D−1• =
∑
q∈Sp(D−1
•
)
qχ(D−1• = q)
([31, Section 5.2]).
Proposition 8. The operators B and D• strongly commute.
Proof. From the properties of the Plancherel measure ([9, Theorem 3.4.5(4)]) we get
QLΛh(1) = D
−1
• ⊕
∫ ⊕
T
D−1λ dµ(λ) ∈ HS(H•)⊕
∫ ⊕
T
HS(Hλ) dµ(λ).
Now we fix t ∈ R and note that since τt(1) = 1, we have
D−1• ⊕
∫ ⊕
T
D−1λ dµ(λ) = QLΛh(1)
= QLΛh
(
τt(1)
)
= QLP
itΛh(1)
= B−tD
−1
• Bt ⊕
(
12(QLP
itQ∗
L
)
)(∫ ⊕
T
D−1λ dµ(λ)
)
,
which implies that BtD
−1
• = D
−1
• Bt. 
Corollary 9. The operator B preserves the decomposition of H• into eigenspaces of D
−1
• :
H• =
⊕
q∈Sp(D−1
•
)
H•(D
−1
• = q)
so that
B =
⊕
q∈Sp(D−1
•
)
χ(D−1• = q)Bχ(D
−1
• = q).
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6. G is of Kac type
We begin with three lemmas relating the structure of the compact quantum group G to the
decomposition of H• into eigenspaces of D
−1
• . The modular group of h (cf. [36, Section 8]) will be
denoted by (σht )t∈R.
Lemma 10. For a ∈ T and t ∈ R we have
π•
(
σht (π
−1
• (a))
)
= D−2it• aD
2it
• ,
π•
(
τt(π
−1
• (a))
)
= B−taBt.
Proof. It will be shown in [17] that the modular operator for h transported via the unitary QL
acts as follows:
QL∇
it
hQ
∗
L
=
(
D−2it• ⊗ (D
2it
• )
T
)
⊕
∫ ⊕
T
(
D−2itλ ⊗ (D
2it
λ )
T
)
dµ(λ).
Take a ∈ C(G). Denoting ϕλ = sλ ◦ π• from Lemma 3 we conclude that
QLaQ
∗
L
=
(
π•(a)⊗ 1H•
)
⊕
∫ ⊕
T
(
ϕλ(a)⊗ 1Hλ
)
dµ(λ),
so (
π•
(
σht (a)
)
⊗ 1
H•
)
⊕
∫ ⊕
T
(
ϕλ
(
σht (a)
)
⊗ 1
Hλ
)
dµ(λ)
= QLσ
h
t (a)Q
∗
L
= QL∇
it
ha∇
−it
h
Q∗
L
=
(
D−2it• π•(a)D
2it
• ⊗ 1H•
)
⊕
∫ ⊕
T
(
ϕλ(a)⊗ 1Hλ
)
dµ(λ)
(representations {ϕλ} are one-dimensional) and consequently
π•
(
σht (π
−1
• (a))
)
= D−2it• aD
2it
• , a ∈ T , t ∈ R.
The second part of the lemma is proved analogously using Corollary 7. 
Lemma 11. For any α ∈ Irr(G), i ∈ {1, . . . , nα} and q ∈ Sp(D
−1
• ) the operator π•(U
α
i,i) shifts
the eigenspaces of D−1• as follows:
π•(U
α
i,i)H•(D
−1
• = q) ⊂ H•
(
D−1• = qρα,i
)
.
Proof. For t ∈ R and ξ ∈ H•(D
−1
• = q), by Lemma 10 we have
Dit• π•(U
α
i,i)ξ = D
it
• π•(U
α
i,i)D
−it
• D
it
• ξ = π•
(
σh−t/2(U
α
i,i)
)
q−itξ = q−itρ−itα,i π•(U
α
i,i)ξ
(cf. e.g. [21, Section 1.7]) which means that π•(U
α
i,i)ξ ∈ H•
(
D−1• = qρα,i
)
. 
Clearly for any q ∈ Sp(D−1• ) the operator χ(D
−1
• = q)Bχ(D
−1
• = q) is bounded and positive.
We let ∆q denote its spectrum:
∆q = Sp
(
χ(D−1• = q)Bχ(D
−1
• = q)
)
.
Lemma 12. For any α ∈ Irr(G), i ∈ {1, . . . , nα}, q ∈ Sp(D
−1
• ) and c ∈ ∆q we have
π•(U
α
i,i)H•
(
χ(D−1• = q)Bχ(D
−1
• = q) = c
)
⊂ H•
(
χ(D−1• = qρα,i)Bχ(D
−1
• = qρα,i) = c
)
(8)
Proof. Fix t ∈ R. Since Uαi,i is invariant for the scaling group ([21, Section 1.7]), from Lemma 10
we know that Btπ•(U
α
i,i)B−t = π•
(
τ−t(U
α
i,i)
)
= π•(U
α
i,i). Therefore if
ξ ∈ H•
(
χ(D−1• = q)Bχ(D
−1
• = q) = c
)
then
Bπ•(U
α
i,i)ξ = Bπ•(U
α
i,i)B
−1Bξ = cπ•(U
α
i,i)ξ
(cf. Corollary 9) and (8) follows (note that there are no domain issues because we are restricting
to finite-dimensional eigenspaces of D−1• for the eigenvalues q and qρα,i). 
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Theorem 13. The set ⋃
q∈Sp(D−1
•
)
∆q (9)
is finite.
Proof. First let us choose α ∈ Irr(G) and i ∈ {1, . . . , nα} such that ρα,i > 1 (this is possible
because G is not of Kac type and Tr(ρα) = Tr(ρ
−1
α )).
We have the decomposition of H• into eigenspaces of the positive compact operator D
−1
• :
H• =
⊕
q∈Sp(D−1
•
)
H•(D
−1
• = q).
Consider η ∈ kerπ•(U
α
i,i) with decomposition
η =
∑
q∈Sp(D−1
•
)
ηq
with ηq ∈ H•(D
−1
• = q). Now
0 = π•(U
α
i,i)η =
∑
q∈Sp(D−1
•
)
π•(U
α
i,i)ηq
and by Lemma 11 each summand is orthogonal to the remaining ones. It follows that π•(U
α
i,i)ηq = 0
for all q and consequently
kerπ•(U
α
i,i) =
⊕
q∈Sp(D−1
•
)
kerπ•(U
α
i,i) ∩ H•(D
−1
• = q). (10)
But π•(U
α
i,i) is a Fredholm operator, so its kernel is finite-dimensional. In particular (since the
summands on the right hand side of (10) are pairwise orthogonal) there exists q0 in Sp(D
−1
• ) such
that π•(U
α
i,i) is injective on H•(D
−1
• = q) for all q ∈ Sp(D
−1
• ) such that q < q0.
Clearly, since there are only finitely many eigenvalues of D−1• grater than q0 and each is of finite
multiplicity, the set ⋃
q∈Sp(D−1
•
)
q≥q0
∆q (11)
is finite. Therefore, if (9) is infinite, there exists c˜ > 0 such that
c˜ ∈ ∆q˜ = Sp
(
χ(D−1• = q˜)Bχ(D
−1
• = q˜)
)
for some q˜ < q0 and c˜ does not belong to (11).
Consider now a unit vector ξ ∈ H•
(
χ(D−1• = q˜)Bχ(D
−1
• = q˜)
)
. For k ∈ Z+ we have
π•(U
α
i,i)
kξ ∈ H•
(
χ(D−1• = q˜ρ
k
α,i)Bχ(D
−1
• = q˜ρ
k
α,i) = c˜
)
.
As k increases q˜ρkα,i tends to infinity, so we let k˜ = max
{
k ∈ Z+
∣∣ q˜ρkα,i < q0}.
We have
π•(U
α
i,i)
(
π•(U
α
i,i)
k˜ξ
)
= π•(U
α
i,i)
k˜+1ξ
∈ H•
(
χ(D−1• = q˜ρ
(k˜+1)
α,i )Bχ(D
−1
• = q˜ρ
(k˜+1)
α,i ) = c˜
)
.
But the latter subspace is {0} because q˜ρk˜α,i ≥ q0 and c˜ is not in the spectrum of χ(D
−1
• =
q)Bχ(D−1• = q) for q ≥ q0. This contradicts injectivity of π•(U
α
i,i) on H•(D
−1
• = q˜ρ
k˜
α,i), since
π•(U
α
i,i)
k˜ξ ∈ H•
(
χ(D−1• = q˜ρ
k˜
α,i)Bχ(D
−1
• = q˜ρ
k˜
α,i) = c˜
)
⊂ H•(D
−1
• = q˜ρ
k˜
α,i)
because B preserves the decomposition of H• into eigenspaces of D
−1
• (Corollary 9). 
Corollary 14. The quantum group G is of Kac type.
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Proof. Recall from Corollary 9 that
B =
⊕
q∈Sp(D−1
•
)
χ(D−1• = q)Bχ(D
−1
• = q)
=
⊕
q∈Sp(D−1
•
)
⊕
c∈∆q
cχ
(
χ(D−1• = q)Bχ(D
−1
• = q) = c
)
.
Therefore Theorem 13 implies that B and B−1 are bounded with
‖B‖ = sup
q∈Sp(D−1
•
)
sup
c∈∆q
c < +∞ and ‖B−1‖ = sup
q∈Sp(D−1
•
)
sup
c∈∆q
c−1 < +∞.
By Lemma 10 for any a ∈ C(G)
π•
(
τt(a)
)
= B−tπ•(a)Bt = B
−itπ•(a)B
it, t ∈ R,
so for a ∈ Pol(G) the holomorphic continuation of the function t 7→ π•
(
τt(a)
)
(cf. [36, Theorem
2.6], [21, Page 32]) to t = −i is given by π•
(
τ−i(a)
)
= B−1π•(a)B and hence∥∥π•(τ−i(a))∥∥ ≤ ‖B−1‖‖a‖‖B‖.
Thus for any α ∈ Irr(G) and i, j ∈ {1, . . . , nα}
ρα,iρ
−1
α,j‖U
α
i,j‖ = ‖ρα,iρ
−1
α,jU
α
i,j‖ =
∥∥τ−i(Uαi,j)∥∥ ≤ ‖B−1‖‖Uαi,j‖‖B‖,
so that
ρα,iρ
−1
α,j ≤ ‖B
−1‖‖B‖
which implies that G is a compact quantum of Kac type (cf. [21, Remarks after Example 1.7.10]).

As we already mentioned in the introduction, the assumption that there is a compact quantum
group G such that the C∗-algebra C(G) is isomorphic to C(U) ∼= T leads to the contradiction
between the relatively easy conclusion that G cannot be of Kac type (Section 2) and the conclusion
of Corollary 14 that G is of Kac type. It follows that no such compact quantum group exists.
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